ABSTRACT Multibeam echo sounder (MBES) and synthetic aperture sonar (SAS) are effective image sonar systems used as the major underwater observation instruments. The MBES system can get the fullscan detection without gaps, while the resolution on the along-track is limited by the beam width and the range. The SAS system can provide the high resolution independent of signal frequency and range, while the accurate height information cannot be obtained directly and the gaps always exist. Multibeam SAS (MBSAS) is a new type of imaging sonar that combines the advantages of MBES and SAS. Through the MBSAS imaging algorithm, the full-scan 3-D detection without gaps can be obtained with high resolution. In a single synthetic period, the carrier should move linearly as an ideal track to guarantee the validity of the synthesis algorithm. However, the carrier's motion error always exists in the actual situation. Thus, the carrier's motion error should be estimated and compensated effectively to avoid the sonar image being defocused. In this paper, an echo model of MBSAS is proposed and an imaging algorithm is deduced to analyze the error of the imaging algorithm, which is caused by the motion error. The motion error is divided into six dimensions and separated into two types as the position error and the motion attitude error. The defocusing problem is caused by the joint motion error influences rather than the single dimension. A kind of joint motion error estimation algorithm is also proposed to estimate the motion error of the carrier. Through the simulation study, the feasibility and the performance of the algorithm are demonstrated. Simulation results indicate that the motion error can be estimated and the image defocusing problem can be handled effectively.
I. INTRODUCTION
Synthetic Aperture Sonar (SAS) is a type of underwater imaging technique that provides higher resolution than the conventional sonar method such as Multibeam Echo Sounder (MBES) or Side-Scan Sonar [1] , [2] . The advantage of SAS is achieved by synthesizing a virtual large aperture through the moving of the transducer array on the designed trajectory. The SAS image resolution is independent of signal frequency and range. Moreover, the resolution could be a constant which is a great benefit to Image Sonar [3] . In recent decades, most SAS systems are based on the SideScan Sonar data synthesizing, like IMBAT 3000 and HISAS 1030. However, these systems also have some disadvantages like Side-Scan Sonar, such as the gaps problem [4] - [6] .
The MBES can get the full-scan detection without the gaps problem. However, the resolution on the along-track will decrease with the range increasing, limited by the along-track beam width [7] . The Side-Scan SAS uses a small physical aperture to synthesize a virtual large aperture to get a higher resolution on the along-track, but the gaps problem still exists [8] . Multibeam Synthetic Aperture Sonar (MBSAS) is a new type of imaging sonar that combines the advantages of Side-Scan SAS and MBES [9] , [10] . The MBSAS can achieve a high resolution on the along-track and obtain the 3-D full-scan with no gaps problem at the same time [11] . Finite researches of MBSAS are carried during the past years, most of the researches are focused on the Buried Object Search and the high-resolution survey based on MBES data.
Due to the complex processing algorithm, the motion error of MBSAS always confuses the researchers and cannot be solved perfectly [12] , [13] .
The MBSAS can be carried not only by the towfish but also the surface ship, which is more convenient for detection. In a single synthetic period, the carrier should move linearly as an ideal-track to guarantee the validity of the synthetic processing algorithm [14] . However, the ideal trajectory is disturbed by the storm or tide inevitably in the actual situation. The movement of carrier will cause the motion error problem. The MBSAS trajectory needs to be estimated and compensated to guarantee the accuracy of the synthesis algorithm [15] . Some research indicates that the motion error needs to be compensated when the sound path error exceeds λ/8. Otherwise, it will cause the sonar image defocusing problem [16] . The motion error could be divided into 6 dimensions and several algorithms are proposed to estimate and compensate it such as the DPC and PGA [17] . Finite researches on the optimum solutions of the motion error estimation have also been carried such as the k-space and the shortest vector problem [18] - [20] . The motion error is caused by all the dimensions rather than the single dimension, so the motion error should be estimated synthetically. In this paper, a kind of joint motion error estimation algorithm for Multibeam Synthetic Aperture Sonar is proposed to estimate the motion error and handle the defocusing problem.
II. ECHO MODEL AND MOTION ERROR OF MBSAS A. ECHO MODEL OF MBSAS
The basic model of MBSAS which combines the theory of MBES and SAS is shown in Fig.1 . The MBSAS has a linear receiving array on the across-track likes MBES, rather than the multi-beam on the along-track [21] , [22] . Moreover, the MBSAS has some difference from the MBES, such as the transmit beam angle on the along-track should be larger than the MBES. Then the MBSAS can illuminate the targets more times at different positions [23] , [24] . The across-track space is divided into several beams as MBES and the algorithm of synthetic aperture is achieved in each beam [25] .
The beam angle and slope-distance are used to calculate the target depth and the location coordinates on the across-track. Along-track coordinate, beam angle and slope-distance are considered into the theory of aperture synthetic which obey the active sonar equations. Chirp signal is managed as the transmitted signal and the echo is time-delay accumulated on each element after the transmitting in the vertical channel. The position and motion attitude of the carrier, slope-distance between transmitting and receiving elements both affect the acoustic-path as shown in Fig.2 . Take the first single line receiving array as an example and the other relationships can be obtained through the 2-D array manifold similarly. The slope-distance between the launch position and the target in the ideal condition can be represented as
Then the slope-distance between the receiving position and the target can be obtained by
where v is the speed of carrier, τ n is the time-delay of the signal received by the n th element, x arr (n) indicates the position of the n th element located on the across-track, the path length is cτ n , where c is the acoustic speed. To emulate the simplicity of the model, v and c are constant in this paper. The slope-distance can be represented as R 1 + R 2 = cτ n , the solution of the equation τ n is used for the simulation of the received echo signal under the time-delay model and also the imaging for CS (Chirp Scaling) algorithm as the common SAS [26] , [27] . Pulse compression is taken as the pre-processing of the received chirp echo. The imaging process of the MBSAS system is consist of two steps: synthetic aperture processing on the along-track and beamforming on the across-track. Synthetic aperture processing to the received signal s(t d (t; r )) in the element space is taken first to obtain the 2-D SAS image as Eq. (3)
where t d (t, r T ) = 2 r (t) − r T /c indicates the instant timedelay of the target echo of SAS. r (t) is trajectory vector of the carrier and r T is the vector of the target. f 0 is the center frequency of the received signal and is the synthetic aperture period. The imaging result for SAS is shown as Eq. (4), where B is the bandwidth of the chirp signal.
The beamforming in the beam space is taken secondly to distinguish the direction of the target and achieve the 3-D imaging result as Eq. (5) II (y, r, θ) =
where τ (n) = nd c sin θ is the n th time-delay of the element, d is the element space and θ is the beam angle. N is the amount of the elements, θ T is the direction of the target and λ is the wavelength of the echo. It is obvious in Eq. (5) that when the variables take the value as y = y T , r = r T , θ = θ T , the imaging result II (y, r, θ) reaches the extremum which indicates the echoes superposed most effectively at the position where the target locates. The output is the image of y − r − θ which should be transmitted to the geodetic coordinate system to achieve the 3-D detection. The pixels are transmitted through the relationships between the distance and the beam angles as x = r sin θ, z = r cos θ .
In the simulations, the target can be formed by the point target reconstruction and the target can be divided into several independent echo highlights by the tangents on the surface [28] - [30] . Independent point targets, adjacent targets and solid target are simulated to demonstrate the performance of the estimation algorithm and test the ability to handle the image defocusing problem in 3-D space.
B. MOTION ERROR OF MBSAS
When the motion error exists, the position of the elements deviated from the ideal trajectory. The algorithm will fail if the echoes are still processed through the ideal time-delay that causes the image defocusing seriously. Normally, the motion error is caused by the 6-D influences, and it can be separated into position error and motion attitude error. Fig.3 shows the 6-D motion error of MBSAS. For a single element, the position can be entirely represented by 3 variables as distance, azimuth and elevation angles under the polar coordinates. However, the motion attitude of the transducer array cannot be obtained only by 3 variables. It is difficult to estimate all the elements' positions with high accuracy for the multielement transducer array at the same time. The motion error is uniform for the entire transducer array under the geodetic coordinate system. Thus, the rotation matrix is an effective instrument to take the coordinate transformation and estimate the coordinate of all the elements in the transducer array, which plays an important role for the MBSAS. Moreover, the beamforming and the aperture synthetic processing of MBSAS also requires the motion attitude error as the absolute relation under the geodetic coordinate system. The motion attitude error is modified in the processing algorithm to guarantee the validity of the synthesizing processing and provide stable acoustic images.
The research conducted in this paper is based on the 2-D MBSAS transducer array. The major parameter of the MBSAS array is the center frequency of the signal f 0 . The wavelength of the signal can be calculated as λ = c/f 0 , where c is the acoustic speed. For the underwater acoustic array processing, we usually locate the elements according to the half-wavelength. The phase difference is analyzed between the adjacent elements and the number of elements M is another factor mainly affects the imaging resolution. The analysis of the motion error is taken according to the parameters of the given array as
The position error model is firstly discussed and shown in Fig.4 . Assuming that the target locates at the position T(x n , y n , z n ), the carrier's ideal-track locates at A(0, vt, 0) and the actual-track is P(x t , y t , z t ). The position error of the carrier can be expressed as x = x t , y = y t − vt, z = z t . The slope-distance between the target and the ideal-track is R B = x 2 n + z 2 n , the beam angle between the target and the plane YOZ is θ . What's more, x n = R B sin θ and z n = −R B cos θ . The actual slope-distance between target and carrier can be obtained by
The ideal slope-distance between target and carrier can be calculated as
, which is a similar procedure as R(t). Therefore, the position error between the actual-track and the ideal-track can be expressed as
The position error caused by x and y can be easily analyzed. Assuming that the λ = 10mm, | x| ≤ 0.1m and = 0.14m will lead to the image defocusing problem seriously by affecting the focal length. The first term of Eq. (7) indicates the position error caused by the moving speed
where t takes value in a single period synthetic processing, D r is the synthetic aperture size of the current processing period. There's a limited condition always exists that also limits the max speed of the carrier
When the carrier locates at the center of the synthetic aperture, mean t = y n v , the position error R f (t) = y 2 2R B . For long-distance detection, such as R B = 100m, y = 0.1m, R f (t) = 5 × 10 −5 m = 0.005λ which has a minor influence on the focal length that can be ignored. However, when the position error y varies sharply, the focal length cannot be ignored which may also damage the beamforming seriously.
The Eq. (7) indicates that the influence of the position error can be separated into individual situations. While, the motion error also has gravely effect on the beamforming on acrosstrack for the MBSAS imaging algorithm. The position error leads to the phase difference error between the elements on the receiving array. The position error model of the receiving array is shown in Fig.6 . Assuming that the target locates at the beam angle θ, the element spacing is d. The phase difference between the adjacent elements on the ideal-track ϕ 1 can be expressed as
The actual phase difference between the adjacent elements can be obtained by taking the position error into consideration as ϕ 2 .
Therefore, the phase error ϕ brought by the Sway and Heave can be expressed as illustrates that the phase difference error, which is caused by the position error, will reduce with the detection distance increasing, where x = z = −0.1m.
Not only the position error but also the motion attitude error can affect the phase difference. The model of attitude error caused by Roll is shown in Fig.8 . Assuming that the target locates at the beam angle θ , the element spacing is d, then the phase difference between the adjacent elements on the idea-track can be expressed as Eq. (10). It is important to note that the phase difference should be defined under the coordinate system of current position. The phase output is only a scalar which does not indicate the coordinate information. Therefore, the Roll γ should be subtracted as a coordinate transformation. When the attitude error exists, the actual phase difference between the adjacent elements can be expressed as The phase difference error between the adjacent elements can be obtained by Eq. (14), when taking the position error into consideration.
Fig .9 shows that the attitude error caused by Roll has seriously damaged the phase difference, where H = 20m. The attitude error leads to the misjudgment of the direction of arrival (DOA). The DOA identifies the target's location angle on the plane XOZ. It also indicates the target's depth and coordinates on the across-track, together with the path length. Pitch and Yaw also damage the validity of synthetic processing as they may deviate the received signal Doppler centroid. The Pitch and Yaw have a minor influence on the across-track beamforming of MBSAS. They are not the major factors that lead to the image defocusing problem, so the influences will not be discussed in this paper. 
III. JOINT MOTION ERROR ESTIMATION ALGORITHM FOR MBSAS
The motion error is caused by the joint influence of 6 dimensions rather than the single factor. If the error is estimated by the single independent dimension, the validity of motion error estimation will reduce. What's more, the sequence of the single dimension estimation also affects the estimation accuracy of other dimensions which is complex to be sufficiently analyzed. In this paper, a kind of joint motion error estimation algorithm for MBSAS is proposed which can effectively estimate the motion error of MBSAS at the same time and handle the defocusing problem.
A. JOINT MOTION ERROR MODEL OF RECEIVING ARRAY
For the MBSAS detection, there must be several strong echo targets located at detection area in a single synthetic aperture processing period. Therefore, the echo highlights can be used to estimate the carrier position in the synthetic aperture [31] . The single element only has 3 dimensions position errors. Moreover, the carrier's motion error can also be regarded as a kind of position error which variables with different elements. When the position of 3 (or more) elements are located in 3-D space, the actual position of the carrier can be located and the motion error can be estimated for the 2-D transducer array [32] . The research of this paper is carried based on a new type of 2-D transducer array system designed to improve the detection performance.
In a single synthetic period, the transducer array locates at the position of 0 th which is recorded as S 0 , and similarly the position of 1 st is recorded as S 1 . We use the previous position's location to estimate the next position's motion error of the transducer array. Assuming there is a 2-D transducer array whose side-length is (d a , d c ) . There are 3 echo highlights locate at the detection area as O(l 1 , m 1 , n 1 ), P(l 2 , m 2 , n 2 ), Q(l 3 , m 3 , n 3 ) between the synthetic positions 0 th and 1 th as shown in Fig.10 . The geometric relation of the transducer array is used to estimate the motion error. 
B. LEAST-SQUARES SOLUTION FOR MOTION ESTIMATION
We choose the vertexes of the 2-D transducer array as the selected elements which have the longest base-lines. The longest base-line can guarantee the accuracy of positioning. Actually, other choices on the plane of XOY (not in a line) can also be accepted for the 2-D transducer array. When the transducer array locates at the position of S 0 , the coordinate of the selected elements can be expressed as A 0 (x 10 , y 10 , z 10 x 1 , y 1 , z 1 ) , B 1 (x 2 , y 2 , z 2 ), C 1 (x 3 , y 3 , z 3 ). The geometrical center of the transducer array locates at the midpoint of A 1 and C 1 , which is also the coordinate origin of the entire 2-D transducer array. The coordinate system has also been transformed from S 0 to S 1 , together with the movement of all the transducer elements.
Take A 1 as an example, the slope-distance between A 1 and strong echo targets O, P, Q can be calculated through the correlation function. The slope-distance is expressed as oa 1 , pa 1 , qa 1 and the equations are obtained by
Analogously, for the element B 1 and C 1 , the equations also exist that
In addition, the elements (A 1 , B 1 , C 1 ) locate at a right triangle (another transducer array has the different relationships). Therefore, the equations always exist as the additional constraints to overcome the noise interference.
The coordinate of (O, P, Q) is intermediate variables which can be expressed through the coordinate of (A 0 , B 0 , C 0 ) and the distance between the targets and the transducer array located at S 0 .
The Eq. (15-18) can be represented as the equations following
Eq. (19) can be simply expressed as f (ζ ) = 0, where
The Eq. (19) has 12 equations but only 9 variables. Therefore, it is a complex overdetermined equation which may have no analytic solutions. We use the least square method to solve the approximate roots. Firstly, redefine the Eq. (19) to a quadratic functional expressed as
The minimum point ζ * of (ζ ) is the least-squares solution of the Eq. (20) . Thus, the question is converted to the nonlinear least-squares question. Define the gradient function of (ζ ) as g(ζ ), we get the formula as
We can obtain the coordinates of (A 1 , B 1 , C 1 ) through solving the Eq. (21) . The position error and motion attitude error can be estimated through the array coordinate transformation processing below.
C. JOINT MOTION ERROR MODEL OF RECEIVING ARRAY
Assuming that the carrier's rotation angle along X-axis, Y-axis and Z-axis is (α, β, γ ) and define the 3-D rotation matrix as M <α,β,γ > = M x M y M z where
Therefore, we obtain the rotation matrix (23), as shown at the bottom of this page.
The transducer array moves from S 0 to S 1 and the translational motion (Sway, Surge and Heave) is expressed by ( x, y, z) . Similarly, the attitude motion (Yaw, Roll and Pitch) is expressed by ( α, β, γ ) as the Eq. (24) . 
Through solving the Eq. (24), we can obtain the motion error of the moving from S 0 to S 1 as ( x, y, z), ( α, β, γ ). The Eq. (24) is difficult to solve directly but can be simplified, owing to the array manifold of the 2-D transducer array. The single coordinate origin O only has 3 dimensions variables. Furthermore, the position error of transducer array can be presented by the coordinate of origin. The 2-D transducer array is symmetric and the selected elements locate at the vertexes of a rectangle. Thus, the coordinate origin of S1 locates at the midpoint of A1 and C1, which can be represented as
The 3-D rotation matrix M <α,β,γ > can be converted to Eq. (26) which has 3 variables. M <α,β,γ > can be easily solved as analytic solutions through the matrix operation. M <α,β,γ > and O are adequate to calculate the coordinate of the other elements. While, for further algorithm research and the post-processing for mapping, it is better to solve the variables in M <α,β,γ > . The rotation matrix has 9 equations with 3 variables. What's more, the trigonometric relations of the motion attitude can be added into the equations as extra restrictive conditions. The matrix is converted to the formula as follows
Eq. (27) has 12 equations but only 3 variables similar to the Eq. (19) , which can also be solved by the least-square method to obtain approximate roots. The least-square solution is an effective method to estimate the motion error [33] . The actual trajectory of the carrier is estimated and the position of the other elements are located according to the solved approximate roots. The slope-distance between the detecting area and the transducer array can be amended. Thus, the motion error can be compensated and the image defocusing problem would be handled.
IV. SIMULATION STUDY
Simulations are managed to demonstrate the feasibility and performance of the estimation algorithm for MBSAS. The application background of MBSAS is the underwater acoustic survey which works at the vertical channel and the main multipath arrival is the twice reflections of the seafloor. Targets are detected through the moving of the transducer array. The echo model mainly considers the essential echo factors such as the target strength, transmit loss, beam angle, little scattering points interference and other common parameters for the underwater acoustic imaging field. The acoustic speed c is constant in the simulation as the sound speed profile is often modified by the post-process software for the beam angle correction.
The basic simulation parameters are shown in Table 1 . We superimpose the position error to the ideal-track as a sine function whose amplitude is 0.2m. What's more, we also superimpose the motion attitude error to the ideal-track as a sine function whose amplitude is 0.5 • . The echo signal is generated according to the active sonar equation under the classical time-delay model [34] . The time-delay between the array and detected area is calculated by Eq. (1-2) which varies M <α,β,γ > =   cos α cos β − sin α cos β sin β sin α cos γ + cos α sin β sin γ cos α cos γ − sin α sin β sin γ − cos β sin γ sin α sin γ − cos α sin β cos γ cos α sin γ + sin α sin β cos γ cos β cos γ
VOLUME 6, 2018 with the acquisition position. The motion joint estimation algorithm proposed above is taken to estimate the trajectory of the carrier and compensate the motion error to handle the image defocusing problem. The actual position of the elements P is generated through the inverse application of the Eq. (24) as
where M is the rotation matrix, T is the translational matrix and P is the ideal coordinate. Fig.11(a) illustrates the actual trajectory of the carrier and the estimated position of the carrier. The actual trajectory deviated from the ideal-track owing to the 6-D joint error influences. It is obvious that the carrier trajectory can be effectively estimated through the algorithm proposed above. Fig.11(b) shows the difference between the actual position error and the estimated values. The motion error will propagate with the carrier moving inevitably that the Kalman filtering method is managed to eliminate the accumulative error [35] . The differences can be controlled under the centimeter magnitude, even the 2-D transducer array locates at hundreds of different positions. Thus, we can obtain the actual trajectory of the carrier to make imaging processing.
Assuming that there are 4 targets located at the detection area symmetrically with the depth of 5m and the distance between them is 4m. The received signal is processed as the Eq. (5) and the scanning interval is 5cm. The image is normalized to demonstrate the energy focusing ability of the MBSAS algorithm. Fig.12(a) illustrates the MBSAS imaging result defocuses seriously with no motion error compensation. The targets can't be identified clearly and effectively. Fig.12(b) illustrates the imaging results after the processing of joint estimation and compensate algorithm. The sonar image indicates that the algorithm proposed can handle the defocusing problem effectively. Moreover, the target resolution can be enhanced with high echo energy focus ability that the energy is more concentrated.
The advantage of the MBSAS is the high resolution and full-scan detection without gaps. Therefore, the defocusing problem damages the identification ability of imaging sonar seriously. The MBSAS system has dozens of elements on the across-track as the conventional MBES. Thus, the high reso- lution on the across-track can be obtained through the beamforming method similar to the MBES. We should demonstrate the algorithm performance by distinguishing the adjacent targets which locate in the 3-D space. Assuming that there are 25 targets located at the detection area symmetrically with the depth of 5m and the distance between them is 0.2m. The imaging result of MBSAS is the 3-D detection which covers the whole detection space. Therefore, the image should be sliced on the same depth plane to demonstrate the performance of the motion error estimation algorithm as shown in Fig. 13 . Fig. 13(a) illustrates that the image defocuses seriously with no motion error compensation. Not only the location of the targets but also the number of targets can't be recognized. The defocusing problem leads to the algorithm invalid seriously. Fig.13(b) illustrates the imaging result after the processing of the joint estimation and compensates algorithm. The location of the targets is obvious and the adjacent targets can be separated effectively. It indicates that the defocusing problem can be handled through the algorithm proposed.
The imaging result is a 3-D image which indicates the target's location not only on the along-track, across-track but also the depth direction. Furthermore, the imaging result can get full-scan detection without gaps problem as the Side-scan SAS. Distinguished from the targets locate on the same depth plane as shown in Fig. 13, Fig. 14 shows the solid targets locate in the whole 3-D space. The cube target is segregated into several independent highlights by the tangents on the surface. The image is sliced on the along-track to observe the imaging targets. Fig. 14(a) illustrates the MBSAS imaging result with no motion error compensation which defocuses seriously. The defocusing problem appears not only on the along-track but also the depth direction. Fig.14(b) illustrates the image after the processing of the joint estimation and compensate algorithm. The image slice indicates that the targets can be separated effectively in the 3-D space. What's more, the image of the target has better echo energy focus ability. The defocusing problem can be handled in 3-D space through the algorithm proposed above. The transmissivity of the targets and the projection shadow are also considered into the echo model but not discussed in this paper.
V. CONCLUSION
In this paper, a joint motion error estimation algorithm for MBSAS is proposed to handle the MBSAS image defocusing problem. Through the analysis of the transducer array manifold, the time-delay between the transducer array and the detection area is calculated. The motion error is caused by the joint influences of 6 dimensions motion error rather than the single factor. The mistakes caused by the motion error are analyzed in this paper. The motion error model is built, VOLUME 6, 2018 then the joint motion error estimation algorithm is proposed. Independent point targets, adjacent targets and solid target are simulated to demonstrate the performance of the estimation algorithm. Through the simulation study, the feasibility and the performance of the algorithm proposed are demonstrated. The imaging results indicate that the motion error can be effectively estimated and the image defocusing problem can be handled, owing to the joint motion error estimation algorithm proposed. BO 
